Abstract. This paper proves several natural generalizations of the theorem that for a generic, C k Riemannian metric on a smooth manifold, there are no closed, embedded, minimal submanifolds with nontrivial Jacobi fields.
critical values of the map (γ, M ) → γ, so the bumpy metrics theorem follows immediately from the Sard-Smale Theorem [Sma65] . To handle C ∞ metrics directly, one would have to use Frechet manifolds rather than Banach manifolds. Presumably that would work, but we have chosen instead to prove directly that the result for C k implies the result for C ∞ . See Theorem 2.10.
Concerning question (2), it would be natural to consider the space of pairs (γ, M ) where γ is a C k metric and M is an immersed, γ-minimal manifold. However, that space is, in general, not a Banach manifold. (It fails to be a manifold at those points (γ, M ) where M is a multiple cover of another minimal surface Σ.) Presumably, one could show that the space is a nicely stratified Banach variety and use that to answer question (2), but I suspect that would be more complicated than the proof given here.
The same difficulty arises in connection with question (3). One could consider the space of pairs (γ, M ) where the metric γ is invariant with respect to a specified finite group G and where M is a closed, γ-minimal (but not necessarily G-invariant) submanifold. Again, in general that space will not be a Banach manifold. (The problematic points are the pairs (γ, M ) where M is G-invariant but has a nontrivial Jacobi field that is not G-invariant.)
The main theorem.
The following is the main result in this paper (see Section 3 for some generalizations): 2.1. THEOREM. Let N be a smooth manifold. Let G be a finite group of diffeomorphisms of N . Suppose that k is an integer ≥ 3 or that k = ∞. Then a generic, G-invariant, C k Riemannian metric on N is bumpy in the following sense: no closed, minimal immersed submanifold M of N has a nontrivial Jacobi field.
Note that the minimal submanifold M is not required to be G-invariant, and that even if it is G-invariant, the Jacobi fields referred to need not be G-invariant.
We will prove a series of results that together imply Theorem 2.1.
2.2.
Definition. An "almost embedded" surface is an immersed surface that has multiplicity one on an open dense subset. Proof. If we fix the diffeomorphism type of M , if G is the trivial group, and if we replace "almost embedded" by "embedded", this is Theorem 2.1 of [Whi91] . See section 7 of that paper for the extension to almost embedded surfaces. (In that paper, "almost embedded surfaces" are called "simply immersed surfaces".) For general groups G, exactly the same proofs work provided one replaces "metric", "surface", and "vectorfield" by "G-invariant metric", "G-invariant surface", and "G-equivariant vectorfield". Finally, the result when we do not fix the diffeomorphism type of M follows because there are only countably many closed manifolds up to diffeomorphism. (Thus M will consist of countably many components corresponding to the countable number of diffeomorphism types for M .)
If π is a C k Fredholm map (with k ≥ 1) of Fredholm index 0 between separable Banach spaces, then it follows from the Sard-Smale Theorem [Sma65] that the image under π of a meager set is meager. The following theorem implies (by taking countable unions) a slightly stronger version of that result.
THEOREM. Suppose that k ≥ 1, that M and Γ are separable C k Banach manifolds, and that π : M → Γ is a C 1 Fredholm map of Fredholm index 0. Suppose that S is a closed subset of M and that S \C M is nowhere dense in M, where C M ⊂ M is the set of critical points of π. Then π(S) is a meager subset of Γ.
Proof. By separability and by definition of "regular point", we can cover the set of regular points of π by countably many open sets U i (with C k boundaries) such that π maps each U i diffeomorphically onto its (closed) image. Now
(1) Each S ∩ U i is closed and nowhere dense, so π(S ∩ U i ) is closed and nowhere dense. Also, the set of critical values of π is a meager subset of Γ by the SardSmale Theorem [Sma65] . Hence π(S) is meager in Γ by (1).
Fix an integer k ≥ 3, and let M k be as in the Structure Theorem 2.3.
2.5.
Definition. For positive integers p, let S p = S p k be the set of (γ, M ) ∈ M k for which the following holds: there is a p-sheeted covering M of a connected component of M such that M has a nontrivial Jacobi field.
The following lemma states that S p satisfies the hypotheses of Theorem 2.4:
Step 1. The closure of M \ S p contains all (γ, M ) ∈ M such that γ is smooth (i.e., C ∞ ).
Proof of Step 1. Let (γ, M ) ∈ M be such that γ is smooth, which implies that M is also smooth.
Let X be the set of p-sheeted coverings of connected components of M . Note that X is a finite set: 
Finally, for t ≥ 0, let γ t be the Riemannian metric
By choice of F , we see that F = 0 and DF = 0 on M . It follows that M is minimal with respect to the metric γ t , and thus that
Let λ i (M j ,t) be the ith eigenvalue of the Jacobi operator of M j with respect to the metric γ t . Note that λ i (M j ,t) depends continuously on t, and in fact is a strictly increasing function of t. (This is because (1) an eigenfunction cannot vanish on any nonempty open set, and (2) if a function on M j does not vanish on any nonempty open set, then its Rayleigh quotient strictly increases as t increases.) It follows that there is an > 0 such that for t ∈ (0, ), none of the λ i (M j ,t) vanish.
Hence (for such t) (γ t ,M) ∈ M \S p , so (γ, M ) ∈ M \ S p . This completes the proof of Step 1.
Step 2. M \ S p contains all of M \ C M .
Proof of
Step 2. Let (γ, M ) ∈ M \ C M . Let γ i be a sequence of smooth (i.e., C ∞ ) metrics in Γ = Γ k such that γ i → γ in C k . Since (γ, M ) is a regular point of π, it follows that there exist (for all sufficiently large i) surfaces M i such that 
2.7.
Remark. The reader may wonder why it was necessary to break the proof into two steps. The problem is that if M is a minimal with respect to a C k metric,
there is no C k function f having the properties required in Step 1.
COROLLARY. The set π(∪
Proof. By Theorem 2.4 and Lemma 2.6, π(S p ) is a meager subset of Γ k . Thus
We can now prove the main theorem for 3 ≤ k < ∞:
THEOREM. Let k be an integer such that k ≥ 3. For a generic G-invariant metric γ in Γ k the following holds: if Σ is a closed, immersed, γ-minimal submanifold of N , then Σ has no nontrivial Jacobi fields.
Proof. It suffices to prove the theorem when Σ is connected. Suppose Σ is a closed, connected, immersed, γ-minimal surface and that Σ does have a nontrivial Jacobi field. LetM be the union (counting multiplicities) of the images of Σ under the elements of G.
By connectivity of Σ and by unique continuation, the multiplicity ofM is equal almost everywhere to some constant m. Let M be obtained fromM by letting the multiplicity be 1 almost everywhere. Thus M is almost embedded andM may be regarded as an m-sheeted covering of M .
Note that (γ, M ) ∈ M and that Σ is a finite-sheeted covering of a connected component of M . Thus (in the notation of Lemma 2.6),
The result follows immediately from Corollary 2.8.
The k = ∞ case of Theorem 2.1 follows from the k < ∞ case (Theorem 2.9) and the following general principle about C k and C ∞ : 2.10. THEOREM. Let k be a finite natural number. 
Proof. The first assertion is trivially true, the second follows immediately from the first, and the third follows immediately from the second.
Proof of Theorem 2.1 for k = ∞. Let W k be the set of G-invariant, C k metrics on N for with the following property: if M is a closed, minimal immersed submanifold of N , then M has no nontrivial Jacobi fields.
By Theorem 2.9, W 3 is a second-category subset of Γ 3 . Note that
Thus by Theorem 2.10, W ∞ is a second-category subset of Γ ∞ .
Generalizations.
Conformal classes. The main theorem, Theorem 2.1, remains true if we replace Γ k by the set of G-invariant, C k metrics in the conformal class of some specified G-invariant metric. No changes are required in the proof. The proof is almost exactly the same as the proof of Theorem 2.1. As with Theorem 2.1, the theorem remains true (with the same proof) if we replace Γ * by the set of metrics in Γ * that are conformally equivalent to γ 0 .
4. An open problem. In general, properties of closed minimal surfaces that are generic with respect to varying metrics are also generic for minimal surfaces with boundary with respect to variations of the boundary, and vice versa. For example, for generic metrics, closed minimal surfaces have no nontrivial Jacobi fields, and, likewise, for generic boundary curves (with a fixed ambient metric), the minimal surfaces they bound have no nontrivial Jacobi fields that vanish at the boundary.
Thus Theorem 2.1 suggests the following conjecture:
4.1. CONJECTURE. Let G be a finite set of isometries of R n . For a generic smooth, closed, G-invariant, embedded submanifold of R n , none of the the smooth immersed minimal submanifolds it bounds have nontrivial Jacobi fields that vanish at the boundary.
If G is the trivial group, this is true [Whi87, 3.3(5)]. More generally, the conjecture is true if we replace "minimal submanifold" by G-invariant minimal submanifold" and "Jacobi field" by "G-invariant Jacobi field". However, I do not know how to prove the conjecture as stated. Of course, the conjecture should remain true if R n is replaced by any smooth Riemannian n-manifold.
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